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Abstract 
In this paper there is presented an alternative to the solar position chart – the solar incidence diagram. The diagram consists of 
curves of the solar incidence angle plotted against the solar azimuth angle. In the example situation the point of reference is 
located on the vertical wall of a building, facing East. The influence of a canopy over the assumed window is presented on the 
graph. 
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1. Introduction 
Solar position chart, or sun-path diagram, is the simplest device for representation of the variability of the solar 
altitude angle, ALT, plotted against the solar azimuth angle, AZI. Thus it presents the sun-path across the sky vault. 
Sun-path diagrams of this kind are well described in the literature (e.g. in [1, 2, 3, 4, 5]). A quality of special interest 
is the possibility of superimposing the shading profile on the diagram. The profile represents the obstacles blocking 
the sun access. In this paper there is described a chart representing the variability of the solar incidence angle, INC 
[6], with solar azimuth angle. This alternate chart is referred to as the solar incidence diagram. 
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Nomenclature 
ALT solar altitude angle  
AZI solar azimuth angle 
DEC solar declination  
HRA hour angle 
INC  solar incidence angle 
LAT geographical latitude 
ORI surface orientation (e.g. building face azimuth angle) 
SRH sunrise hour angle 
TIL  tilt angle (from horizontal) 
ZEN zenith angle 
 
2. Construction 
2.1. The chart 
Since both the solar azimuth angle and solar incidence angles depend on the hour angle, the starting point for all 
the calculations is formation of series of values of the hour angle, which represent the time. Calculating both the 
values of AZI (1) and INC (2) as functions of the same HRA series ensure reciprocity. In the example provided all 
the curves on the chart showed the variation of the incidence angle on a 24-hour span, in 12 recommended days of 
the year (it is possible to pick a different time span and choose other days, if desired; in other words zoom in a part 
of special interest of the diagram). Since the incidence diagram shows how the access of the beam radiation varies 
with respect to a point on a certain surface, few more pieces of information are conveyed with a single curve, with 
comparison to the (INC, ALT) diagram. The most valuable piece of information concerns the quality of the solar 
radiation at the surface under consideration, since knowing the INC angle allows to estimate the magnitude of solar 
gain/load. Knowing the angle at which solar radiation is incident at a surface and the value of intensity at that time 
allows for quantitative calculations [7]. Secondly the chart does not require imposing the protractor indicating the 
azimuth angle of the receiver, ORI (as in case of the chart presented in [1]). Values for each INC curve are 
calculated with ORI as the input (2). 
 
 
ܣܼܫ = sgn(ܪܴܣ) ฬarccos ൬cosܼܧܰ sin ܮܣܶ െ sinܦܧܥsinܼܧܰ cos ܮܣܶ ൰ฬ + 180° 
 
(1) 
 
  
 
 
 cos ܫܰܥ = sinܦܧܥ sin ܮܣܶ cosܶܫܮ + 
െ sinܦܧܥ cos ܮܣܶ sinܶܫܮ cosܱܴܫ  
+ cosܦܧܥ cos ܮܣܶ cosܶܫܮ cosܪܴܣ + 
+ cosܦܧܥ sin ܮܣܶ sinܶܫܮ cosܱܴܫ cosܪܴܣ + 
+ cosܦܧܥ sinܶܫܮ sinܱܴܫ sinܪܴܣ 
(2) 
 
 
   
 
 ܴܵܪ = arccos(െ tanܦܧܥ tan ܮܣܶ ) 
 (3) 
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As a consequence it is possible to read the time of sunrise, or sunset over the reference surface. Lacking data is 
the time of the actual sunrise/sunset, so it is profitable to mark these moments on every curve (the sunrise hour angle 
is calculated with (3), the sunset hour angle is symmetrical with respect to noon). Because formula for calculating 
the solar incidence angle returns a value for any real argument, the time period of available solar beam radiation 
reaching the point of interest must meet two requirements: 1) the INC curve must be between marks indicating 
actual sunrise and sunset, 2) value on INC must be less than 90 degrees – sunrise or sunset over the surface. 
Moments of sunrise or sunset on the diagram on figure 1 are marked on each curve of solar incidence with a black 
dot before, or after midday (AZI = 180°), respectively. Picture of solar operation over the point of interest is 
completed with the curves representing constant values of solar time. 
Diagram for the example situation (fig. 1), was plotted for the latitude of 40.00°N, for a vertical surface (TIL = 
90°), facing East (ORI = 90; figs. 2, 3) . Reference point was marked with K. At every characteristic point there was 
placed a vector for the calculations. The incidence angle was plotted without projection (equidistant method, [1]).  
 
 
 
Fig. 1. Solar incidence diagram for latitude LAT = 40°, surface orientation ORI = 90°, tilt TIL = 90°. 
2.2. The shading profile 
The influence of obstacles in the vicinity of the receiver, casting shadows over the point in question, can be 
represented in the form of a shadow profile superimposed on the diagram. In the example situation two buildings 
were positioned in the vicinity of the receiver (point K – see fig. 2). One 30 metres to the South of the receiver, 
(width x height: 50x15 metres), the other 60 metres to the Southeast, (w x h: 50x40 metres). The framework for the 
shading profile consists of characteristic points, e.g. values of AZI and TIL at the corners of obstacle buildings. To 
obtain these values, as well, as the values for intermediate points, vector calculus was applied. Using the normal 
vector of the receiver and a vector with starting point at the point of interest, and the terminal point at a 
characteristic point, allows for calculating the value of the INC angle for that point (1) (the AZI value is calculated 
as the angle between the horizontal projection of that vector and a vector representing North). This procedure, if 
repeated for intermediate points, gives the series of values for the shading profile, which can be superimposed on the 
diagram. Calculations for auxiliary vectors at the vertical lines of characteristic points, helped ascertain the direction 
of vertical lines of the shading profile, downwards (fig. 2). 
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Fig. 2. Plan of the example situation (normal vector: VNO90T90). 
 
 
ܫܰܥ = arccosቆ
ሬܰԦ · ܱܺሬሬሬሬሬԦ
ห ሬܰԦหหܱܺሬሬሬሬሬԦห
ቇ 
 
(4) 
 
 
Similarly a shading profile for shading devices can be plotted. Characteristic points of a canopy where chosen 
along its perimeter, starting at the wall, through one corner, a point in the middle of the canopy width, the other 
corner, and ending back at the wall. In the example situation the point of interest was on a window facing East (ORI 
= 90, TIL = 90). The window geometry was as follows: width W = 3 m, height H = 2 m, space between the upper 
edge of the window and the canopy dh = 0.3 m, canopy of 3 m of width, protruding at 1.5 m (fig. 3). The influence 
of the canopy was plotted on the chart as the canopy shading profile. 
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Fig.3. Geometry of the canopy (overhang), over the point of interest (normal vector: VNO90T90). 
 
2.3. Geometrical model 
Using an application for 3D geometry, GeoGebra v. 5, allowed for modeling example situation. The application 
provided another approach towards the calculations. In case of characteristic points of the obstacles (i.e. the 
buildings in the vicinity of the point in question), and characteristic point of the shading device, the canopy, values 
of the angles between a characteristic and the normal vector were consistent with values presented on the chart (fig. 
1 vs. figs. 2 and 3). 
Consistency between the diagram generated by the script written in the Python programming language and the 
3D models can be illustrated with example points: A (first building), D (second building) and CBP (canopy). 
According to the script output pairs of the azimuth and incidence angles, values for the points mentioned looked as 
follows: A: (219.81, 126.70), D: (157.38, 70.88), CBP: (135, 61.35) (values in degrees; numerical values generated 
as the output of the script are reflected on the diagram, fig. 1). Values calculated in the 3D geometry applications 
were: AZIA = 219.81, INCA = 126.7, AZID = 157.38, INCD = 70.88, INCCBP  ĺ– 118.65 = 61.35 (all 
values in degrees). 
A review of geometric entities from the example situation, either taken as the input, or calculated with the 
GeoGebra application, is given in tables 1 and 2 – for the situation of the receiver and obstructing buildings in the 
742   Sebastian M. Kazimierski /  Energy Procedia  70 ( 2015 )  737 – 744 
vicinity and for the geometry of the canopy (values for points – and vectors – are in meters, values of angles in 
degrees). 
 
Table 1. Geometry entities for fig. 2 – plan for the example. 
Nr Entity Value Comments 
 Points   
1. C (-25, 30, 15) All the points were fed as the input. 
2. C’ (-25, 30, 7.5)  
3. C0 (-25, 30, 0)  
4. E (-75, 60, 40)  
5. E' (-75, 60, 20)  
6. E0 (-75, 60, 0)  
 Vectors   
1. VCC [-25, 30, 15] Vectors were constructed with the above 
2. VCC' [-25, 30, 7.5] points. 
3. VCC0 [-25, 30, 0]  
4. VCE [-75, 60, 40]  
5. VCE' [-75, 60, 20]  
6. VCE0 [-75, 60, 0]  
 Angles   
1. INCC 53.3 Values of the incidence angle were calculated 
2. INCC' 51.05 with the command taking as the input  
3. INCC0 50.19 characteristic point of a building and  
4. INCE 43.87 the normal vector of the receiver. 
5. INCE' 40.14  
6. INCE0 38.66  
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Table 2. Geometry entities for fig. 3 – geometry of the canopy, three characteristic points at the outer edge. 
Nr Entity Value Comments 
 Points   
1. CBP (-1.5, 1.5, 2.3)  
2. C0P (-1.5, 0, 2.3)  
3. CCP (-1.5, -1.5, 2.3)  
 Vectors   
1. VCBP [1.5, -1.5, -2.3]  
2. VC0P [1.5, 0, -2.3]  
3. VCCP [1.5, 1.5, -2.3]  
 Angles   
1. AZICBP 135  
2. AZICOP 90  
3. AZICCP 45  
4. INCCBP 118.65 180 – 118.65 = 61.35  
5. INCC0P 123.11 180 – 123.11 = 56.89 
6. INCCCP 118.65 180 – 118.65 = 61.35 
 
 
3. Applications 
Every building is subjected to the solar radiation, which can cause heat gains, losses, and/or both, depending on 
the season of the year, or time of day. Assessing the variation of the solar radiation is necessary to provide conscious 
usage of the solar energy. These efforts can lead to the increase in the efficiency at which the energy in the building 
is used. The increase in the efficiency may involve minor increase of the cost of a building, or no additional costs at 
all [8].  
Along with the design of the passive solar installation the diagram can assist the design of the daylighting 
systems [5, 9, 10, 11]. The solar incidence diagram can be utilized while devising virtually every shading system. 
Devising a tool for plotting the charts with the Python programing language makes this solution generally 
accessible and of low cost. Utilizing mathematical application GeoGebra led to a fine visualization of the design 
process and to the verification of the results. 
3.1. Further development  
x Presented diagram is lacking in the profile of vertical shading devices – fins (or wingwalls).  
x Promising perspective is devising a solar aperture profile – e.g. for a window. The profile would indicate 
when and at what angle solar radiation would reach the point in question. A receiver of special interest 
could be an accumulator inside a room. 
x The idea of the aperture profile designed for a massive receiver leads to a concept of a compound solar 
incidence diagram, with average values of the angle of incident solar radiation, INC, with respect to the 
receiver surface. This could help in designing a compound receiver surface with parts of the surface of 
different orientation. 
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